The relaxation rate in Nb-doped strontium titanate involving different scattering channels is investigated theoretically. It is demonstrated that the total relaxation rate in SrTi 1−x Nb x O 3 is provided mainly by two mechanisms. The Baber electron-electron scattering with participation of both Coulomb and phonon-mediated electron-electron interactions provides the T 2 -dependence of the relaxation rate. The scattering on the potential landscape caused by impurities is responsible for the residual relaxation rate at low temperatures. A good agreement with experiment is achieved accounting for all phonon branches in strontium titanate, both the optical and acoustic phonons.
I. INTRODUCTION
In Ref. [3] , a common origin of the Fermi-liquid properties and superconductivity in Nb-doped strontium titanate has been postulated and induced from the phenomenological treatment of the resistivity data and superconducting critical temperatures T c . In the present work, we deduce the temperature dependence of the resistivity and the superconducting T c 's from microscopic model calculations. The relaxation rate in SrTi 1−x Nb x O 3 can be accounted for by various scattering mechanisms. The Fermi-liquid properties of a charge carrier gas in a crystal are provided by the effective electron-electron interaction. This interaction is an interplay of the Coulomb repulsion and the phonon-mediated attraction provided by the Fröhlich electron-phonon interaction with the optical phonons. Strontium titanate is a strongly polar crystal with static dielectric constant ε 0 ≈ 240 and high-frequency dielectric constant ε ∞ ≈ 5.44 [4] . The ratio η = ε ∞ /ε 0 is very small in strontium titanate. Due to a small η, the Coulomb repulsion and the optical phonon-mediated attraction significantly compensate each other. Thus the contribution of the other electron-phonon interactions, e.g., the deformation interaction with the acoustic phonons, can be important for the sign of the total effective electron-electron interaction. The fact that n-doped SrTiO 3 is a superconductor [5, 6] implies that in this material the phonon-mediated attraction due to both optical and acoustic phonons can overcome the Coulomb repulsion. This yields superconductivity in strontium titanate at low temperatures about T ∼ 1 K. In this connection, we verify the suggestion [3] that the DC resistivity and the relaxation rate in Nb doped SrTiO 3 can be due to the effective electron-electron interaction. There are two channels for the Fermi-liquid response of metals and strongly doped semiconductors with complex conductivity bands due to the electron-electron interaction: the normal and Umklapp [7] [8] [9] scattering processes.
Several other scattering mechanisms besides the effective electron-electron interaction are present in strontium titanate. For completeness, they must be included in the treatment, as far as they may contribute to the total resistivity. In the present work, the following additional scattering mechanisms are considered.
(1) The electron-phonon interaction can contribute to the effective electron-electron scattering as mentioned above. Besides this, the direct scattering of the electrons by the LO phonons can contribute to the resistivity of the polar crystals in the same way as to the optical absorption [4, 10, 11] .
(2) In the context of small polarons, the electron-phonon scattering results in a temperature dependence of the resistivity which is close to the T 2 -behavior [12] . Therefore the electron -LO-phonon scattering may influence the Fermi-liquid-like temperature dependence of the DC response of the charge carriers.
As established in Refs. [4, 10] , the polarons in strontium titanate are large (Fröhlich) polarons rather than the small polarons treated in Ref. [12] . In this connection, the electron -LO-phonon scattering is considered here in terms of the large polarons.
(3) Finally, the scattering of the electrons on the potential landscape induced by the impurities (for example, the Nb donors) can bring a non-negligible contribution to the total relaxation rate and resistivity, especially in the low-temperature regime.
II. THEORY AND RESULTS

A. Baber scattering
Within a parabolic model for a simple conductivity band, the electron-electron interaction due to the normal (i.e., within the first Brillouin zone) scattering processes does not contribute to the carrier electric response owing to momentum conservation, even for an anisotropic band [13] . However, for a non-parabolic and/or complex conductivity band with, e.g., light and heavy carriers, the carrier response can be non-zero as first found by Baber [14, 15] . Thus the resistivity can be provided by the interaction between charge carriers with different band masses or between electrons and holes.
The Baber scattering mechanism is the most promising candidate to provide the main contribution to the total relaxation rate of Nb doped strontium titanate. We calculate the resistivity using the Boltzmann equation. Further on, we follow the notations of Ref.
[16]. The non-equilibrium distribution function f n,k for the carriers in the n-th subband is determined as
where f
n,k ≡ f (ε n,k ) is the equilibrium electron distribution function in the n-th subband of the conduction band,
and ε n,k is the electron energy.
The function Φ n,k is a measure of the deviation from equilibrium in the electron distribution. The inner product of two real functions Ψ and Φ is defined by Ψ, Φ ≡ n dk Ψ n,k Φ n,k . The Boltzmann equation can be written as
where P is the scattering operator which transforms the function Φ into another function Ψ = P Φ, and X represents the left-hand side of the Boltzmann equation,
Here, v n,k is the velocity in the n-th subband,
The collision integral of the Boltzmann equation can be represented as Φ, P Φ . The
Boltzmann equation in the form (3) implies that
The variational principle established by Ziman [16] states that the solution of the Boltzmann equation gives Φ, P Φ its maximum value. Thus Φ n,k can be approximated by a trial variational function.
In the notations of Ref. [16] , the DC resistivity is expressed by the formula
where X (E = 1) represents the left-hand side of the Boltzmann equation in a unit electric field E = 1 (and in the absence of the temperature gradients). The normalization factor is determined by the expression
The collision integral for the electron-electron scattering processes is
Here, P (n, 1, n ′ , 2 → n, 3, n ′ , 4) is the scattering probability,
the matrix element of the effective electron-electron interaction, which includes both the Coulomb repulsion and the phonon-mediated attraction.
The trial variational function Φ n,k is chosen in the form [16] Φ n,k = v n,k · u where u is the unit vector parallel to the applied electric field. Thus the collision integral is
The electrons in the conduction band are described by the matrix Hamiltonian from Ref.
[3]
with the energies
where a 0 is the lattice constant. The matrix W
describes the mixing of subbands within the conductivity band. We use the values of the band parameters t δ , t π, D, ξ from Ref. [3] : t δ = 35 meV, t π = 615 meV, ξ = 18.8 meV and
In the present treatment, we neglect the band mixing because it is relatively small, and assume the anisotropic parabolic dispersion in each of three subbands of the conductivity band (as in Refs. [3, 4] ) with the tensor effective masses m
The masses m and the "heavy" mass
Using the above band parameters of strontium titanate and the lattice constant a 0 = 3.905Å, we arrive at the band masses m π ≈ 1.6m e and m δ ≈ 29m e , where m e is the electron mass in vacuum.
The effective electron-electron interaction in SrTiO 3 is considered in the following way.
In the standard diagram technique, the effective interaction corresponding to an elementary electron-electron scattering process for a single-branch electron-phonon system, is given by the expression [17]
where
is the free-phonon Green's function,
q is the momentum transfer q = k ′ − k, and ω is equal to the transition frequency ω = (ε n ′ ,k ′ − ε n,k ) / (where n, n ′ are the indices of the subbands of the conduction band). Thus the effective interaction is
The effective interaction (15) is written for a one-branch phonon system and does not account for screening. For our calculations, both the screening and the multi-branch phonon system must be accounted for. The extension of the above formulae to the multi-branch phonon system is straightforward:
where λ labels different optical-phonon branches. The contribution to the effective interaction due to the acoustic phonons (with the interaction amplitudes V (ac) q ) is written here as a separate term. The screening for the Coulomb interaction and for the phonon-mediated interaction can be introduced here as in Ref. [17] ,
where ǫ e (q, ω) is the electron screening factor. Note that screening is different for the Coulomb and phonon-mediated interactions, and that the contribution due to the acoustic phonons is not screened.
In the experimental situation of Ref. [3] , the Fermi energy of the electrons in the conduction band substantially exceeds their thermal energy k B T . Therefore only the electrons in a thermal layer near the Fermi surface bring a dominating contribution to the relaxation rate. In other words, the energies of the relevant electrons are close to the Fermi energy, and the difference ε n ′ ,k ′ − ε n,k ∼ k B T is relatively small with respect to the Fermi energy.
The major contribution to the collision integral (10) lies in the range of the momentum transfer q ∝ 2k F , where k F is the electron wave vector at the Fermi surface (in general, angle-dependent due to the band anisotropy). In SrTiO 3 , the corresponding acoustic-phonon energy satisfies the condition ω (ac) q k B T in the range T < 100 K for all samples treated in the experiment [3] except the lowest-doped sample, for which ω (ac) q /k B T ∼ 1 at T = 100 K. For the lower temperatures and/or for the higher doping contents the aforesaid condition is fulfilled. The LO-phonon energies in SrTiO 3 are much higher than the thermal energy in the considered temperature range. Thus, owing to the fact that the electron-electron scattering effectively occurs close to the Fermi surface, retardation effects in the phonon-mediated interaction can be neglected. Therefore we can approximate the effective interaction by the expression
where ǫ e (q) is the static electron screening factor. The different screening of the Coulomb and phonon-mediated interactions, however, can strongly influence the resulting interaction.
In the present calculation, the Thomas-Fermi (TF) screening factor is used in the effective interaction:
where κ s is the inverse TF screening length,
n 0 is the carrier density, and E F is the Fermi energy. Note that ǫ e (q) is the static screening factor for the electron gas (without the lattice polarization). Therefore κ s contains the highfrequency dielectric constant ε ∞ rather than the static dielectric constant ε 0 . The material parameters for the Fröhlich interaction with the optical phonons are taken the same as in
Ref. [4] . The values of the TO-and LO-phonon frequencies, the actual electron densities and the plasma frequencies ω p determined from the experiment [10] are represented in Table   1 . For the acoustic-phonon contribution, we use the interaction amplitudes for the deformation potential from Ref.
[18]
with the dimensionless coupling constant
where n is the density, E d is the deformation potential, v is the sound velocity, and m D is the [19] .
The relaxation rate is determined using its relation to the resistivity,
where ω p is the plasma frequency for the electron gas in the conductivity band determined in the same way as in Ref. [3] , and listed in Table 1 . In Fig. 1 can be provided by the Baber scattering mechanism is supported by the present calculation.
When both optical and acoustic phonons are taken into account, the effective electronelectron interaction at the Fermi surface can become attractive. With optical phonons only (i.e., neglecting acoustic-phonon contribution) this attraction is not possible. Moreover, the effective electron-electron interaction without participation of the acoustic phonons is approximately Coulomb-like. The relaxation rate for a Coulomb-like electron-electron interaction monotonously decreases with an increasing density. The density dependence of the relaxation rate observed experimentally can be explained by a relative increase of the attraction provided by the acoustic phonons with respect to the Coulomb repulsion and the interaction due to the optical phonons. The latter two become more strongly screened when the density rises, while the deformation potential is not screened. The increasing density de-pendence of the relaxation rate therefore supports our hypothesis that the phonon-mediated attraction (provided by both optical and acoustic phonons) in strontium titanate can overcome the Coulomb repulsion even in the normal phase -at sufficiently high temperatures, when superconductivity does not exist.
B. Other mechanisms
We suggest that the relatively small residual relaxation rate in the Nb-doped SrTiO 3 can be accounted for by the scattering of the electrons on the potential landscape created by the impurities. The contribution to the DC resistivity due to the scattering of the electrons by the potential of the impurities is calculated using the approximation of the time-dependent relaxation time within the Boltzmann equation approach. Assuming the impurities chaotically distributed in space, the DC conductivity tensor is determined by the expression (see Ref. [20] )
where (v n,k ) j are the components of the electron velocity in the conduction band.
For the relaxation time τ n (k), we apply the approximation of the isotropic threefold degenerate conduction band with the effective density-of-states band mass
. In this approximation, τ n (k) = τ (k), and the conductivity tensor is reduced to the scalar expression σ ≡ ρ −1 ,
where ρ is the DC resistivity. The momentum-dependent relaxation time τ (k) for the chaotically distributed impurities with the density n I is determined using the differential scattering cross-section σ (k, θ) as [20] 1
The scattering cross-section σ (k, θ) is calculated here in the Born approximation [21] .
where U (r) is the potential created by an impurity, and q = k ′ −k is the momentum transfer (with k ′ = k, because the scattering is elastic).
To the best of our knowledge, the true potentials created by the impurities in doped strontium titanate are not yet reliably known. We suggest that the majority contribution to the impurity scattering is due to the ionized niobium donors. Thus we assume that the density n I ≈ n 0 (where n 0 is the electron density), and that the potential created by an ion can be modeled by a pseudopotential corresponding to the Yukawa (screened Coulomb) potential:
where U 0 = e 2 /ε 0 , κ I is the inverse screening length for the impurity potential. The scattering cross-section σ (k, θ) with the potential (28) is
Integrating in (26) with (29), the inverse momentum-dependent relaxation time is obtained to be 1
The contribution to the total relaxation rate (25) provided by the impurity scattering, 1/τ
ef f , with (30) is calculated numerically.
Here, the parameter to be estimated is the inverse screening length κ I . First, we can calculate κ I using the Thomas-Fermi (TF) approximation,
is the Fermi energy for the threefold degenerate conduction band.
We use here the static (rather than high-frequency) dielectric constant because the ions do not move, and hence the lattice polarization (provided by the polar LO phonons) reduces the Coulomb potential by the ratio ε ∞ /ε 0 .
The results for the 1/τ
ef f with (19) are shown in Fig. 2 (a) . The values of 1/τ
ef f in the zero-temperature limit are in fair agreement with the experiment [3] for the samples with two higher doping levels x = 0.9% and x = 2%. However, for the two weaker doped samples, the residual relaxation rate calculated using (31) is overestimated with respect to the experiment. Therefore we can suggest that the spatial cutoff of the impurity potential can be provided also by additional mechanisms which can be irrelevant to the presence of the electron gas and which therefore do not vanish at low electron densities. In this connection, the contribution to the total relaxation rate due to the impurity scattering has been also calculated using the trial screening radius r I ≡ κ ef f in this case are shown in Fig. 2 (b) . We see that in this case, the residual relaxation rate is in good agreement with the background for the total relaxation rate measured in the experiment [3] .
Moreover, the present result adequately reproduces the experimental density dependence of the residual relaxation rate without varying κ I .
In our treatment of the impurity screening length, we suppose this quantity to be independent of doping in order to arrive at the experimentally observed trend. The assumption that κ I does not depend on the doping means that the dominant part of the impurity potential for the scattering processes is essentially short-range. (Note that r I ≈ 0.76 nm is about twice the lattice parameter.) The Nb-ion is larger than the Ti-atom and as a consequence the ions around the Nb-donors are radially displaced. This has consequences for the local electronic structure and -as far as we know -nobody has analyzed this theoretically for Nb-donors in SrTiO 3 . Empirically we know that even for a low Nb-concentration, no bound donor-states are formed. This is totally different from the case of Si doped with phosphor. I , there are no bound states in that potential. The Monte Carlo calculation for a particle with an isotropic parabolic dispersion law [22] gives In Fig. 3 , the contribution to the relaxation rate due to the electron -LO-phonon scattering is plotted as a function of the temperature for the actual electron densities in the samples studied experimentally in Ref. [3] . Under the experimental conditions of Ref. [3] , the electron -LO-phonon scattering contribution to the relaxation rate appears to be relatively small with respect to the relaxation rate provided by the Baber mechanism. Furthermore, the relaxation rate due to the electron -LO-phonon scattering strongly decreases with decreasing temperature. Therefore the electron-phonon scattering is not one of the dominating mechanisms of the DC conductivity in Nb doped SrTiO 3 .
Finally, the Umklapp electron-electron scattering was considered in Ref. [3] as one of possible sources for the DC resistivity in Nb-doped SrTiO 3 . For the electron resistivity in metals, the Baber mechanism plays a minor role, and the Umklapp scattering can be sufficient to explain the Fermi-liquid temperature dependence of the resistivity [7] [8] [9] . However, the Umklapp electron-electron scattering remarkably contributes to the resistivity only when both the initial and final momenta of the two electrons in the elementary scattering process lie in the thermal layer near the Fermi surface. Therefore, e.g. in the simple case of a spherically symmetric conductivity band, the Umklapp scattering does not contribute to the resistivity when the maximal possible value of the momentum transfer q max = 4 k F (where k F is the Fermi wave vector) is smaller than the modulus of the reciprocal lattice vector g. Therefore the Umklapp processes can be non-negligible only at sufficiently high densities. For an anisotropic conductivity band with a warped Fermi surface (that is just the case in SrTiO 3 ) the restriction for the density can be softened with respect to that for a spherically symmetric band. However, it is not a priori known whether the Umklapp scattering is relevant for the carrier densities in the experiment [3] . Therefore we have estimated the Umklapp contribution to the relaxation rate in strontium titanate within the kinetic equation approach.
In Fig. 4 , the relaxation rate provided by the Umklapp electron-electron scattering (multiplied by /G 2 , where G < 1 is the dimensionless interference factor for the Umklapp processes [16] ) is plotted as a function of the electron density for the temperature T = 80 K. The relaxation rate provided by the Umklapp processes in strontium titanate is not vanishingly small for densities higher than the threshold value n 0 ≈ 8 × 10 20 cm −3 . However, the carrier densities achieved in the experiment [3] are substantially lower than this threshold value. In the figure, the arrows show the actual electron densities in the experiment [3] . For the experimental densities n 0 ∼ 10 19 cm −3 to 10 20 cm −3 , the relaxation rate provided by the Umklapp electron-electron scattering is vanishingly small with respect to the measured values of 1/τ . The relaxation rate due to the Umklapp processes becomes non-negligible in strontium titanate only for the electron densities n 0 10 22 cm −3 , much higher than the densities relevant for the experiment [3] . The conclusion follows that the contribution by Umklapp processes to the Fermi-liquid behavior of relaxation rate and resistivity in The total relaxation rate calculated taking into account the Baber, electron-impurity, and electron -LO-phonon scattering mechanisms is plotted in Fig. 6 . The T 2 temperature dependence of the relaxation rate is completely due to the Baber mechanism. The scattering by donors is responsible for the residual relaxation rate which constitutes the background resistivity in SrTi 1−x Nb x O 3 . We see that the aforesaid mechanisms convincingly explain both the temperature and density dependences for the experimentally measured relaxation rate.
III. CONCLUSIONS
In conclusion, the DC resistivity of Nb-doped strontium titanate is explained in terms of two dominating mechanisms: Baber scattering with participation of both Coulomb and phonon-mediated electron-electron interactions provides the T 2 -dependence of the resistivity and of the relaxation rate, while the scattering on the potential landscape caused by impurities yields the residual relaxation rate which does not vanish at T = 0. The calculated relaxation rates are in a good agreement with the experiment [3] . Thus the hypothesis on a common origin of two phenomena in SrTiO3 -superconductivity and the Fermi-liquid behavior of the resistivity -is supported by the microscopic calculations. [3] . Symbols: experimentally determined relaxation rate in Nb-doped SrTiO 3 from Fig. 2 of Ref. [3] .
